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Abstract. The paper covers known facts about the Dixmier trace (with some 
generahties about traces), the Wodzicki residue, and Connes' trace theorem, 
including two variants of proof of the latter. Action formulas are treated very 
sketchy, because they were considered in other lectures of the workshop. 
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P.M.ALBERTI, R. MATTHES 



1. The Dixmier-Traces 



The essential ingredients of the famous trace formula [^ Q] of A. Connes are 
operator algebraic constructs over the W* -algebra B(7i) of all bounded linear oper- 
ators over some infinite dimensional separable Hilbert space Ti which are known as 
Dixmier-traces. The constructions will be explained in this section. For a general 
operator-algebraic background the reader is referred e.g. to p| p], ^ p2| p3[. 

1.1. Generalities on traces on C*- and W*-algebras. 

1.1.1. Basic topological notions, notations. A C*-algebra M is a Banach *-algebra, 
with * -operation x i — > x* and norm || • || obeying ||a;*a;|| — ||a;||^, for each x G M 
(*-quadratic property). Let M+ = {x*x : x G M} be the cone of positive elements 
of M. For a; € Af let cc > be synonymous with x G M+. The Banach space 
of all continuous linear forms on M (dual) will be denoted by M*, the dual norm 
(functional norm) be || • Hi. As usual, a linear form / over M is termed positive, 
/ > 0, if f{x*x) > 0, for each x G M. Remind that positive linear forms are 
automatically continuous and are generating for M*. Thus M^ = {/ G M* : / > 0} 
is the set of all these forms. There is a fundamental result of operator theory 
saying that if M possesses a unit 1 (unital C*-algebra), then / > if, and only 
if, /(I) = II /111- It is common use to refer to positive linear forms of norm one as 
states. Thus, in a unital C*-algebra the set of all states on M, S{M), is easily seen 
to be a convex set which according to the Alaoglu-Bourbaki theorem is a{M* , M)- 
compact. Here, the cr (M*, M)-topology (also w*-topology in the special context 
at hand) is the weakest locally convex topology generated by the seminorms px, 
X G M, with Px{f) = |/(2;)|, for each / G M* . The generalization of the notion 
of positive linear form on M (which refers to positive linear maps into the special 
C*-algebra of complex numbers C) is the notion of the positive linear map. Say that 
a linear mapping T : M — > N which acts from one C*-algebra M into another 
one A^ is positive if T{x*x) > within N for each x G M. In the unital case (for 
M) one then knows that ||T(1)|| = ||r|| holds (||T|| refers to the operator norm of 
T as a linear operator acting from the one Banach space M into the other N) . On 
the other hand, each linear map T : M — > N which obeys this relation is known 
to be positive. If both M and A^ have a unit, a linear map T : M — > N is said 
to be unital if T'(l) = 1 is fulfilled (the units being the respective units). Thus, 
and in particular, each unital linear map T : M — > N of norm one beween unital 
C*-algebras has to be a positive map. 

Remind that a C*-algebra M is a W*-algebra, that is, is *-isomorphic to some 
wA^-algebra on some Hilbert space TC, if and only if, there exists a (unique) Banach 
subspace M* (the predual space) of M* such that M is the (continuous) dual of 
M*, M = (M^,)*. Note that a non-zero W*-algebra is always unital. Suppose now 
that M is a W*-algebra. The forms of Af, will be referred to as normal linear 
forms. One then knows that the normal positive linear forms M*+ = M^, fl Af^ 
(resp. the normal states So{M) = A/, n S{M)) are generating for Af* in the sense 
that each normal linear form may be represented as a complex linear combination 
of at most four normal states. As a consequence of this, for each ascendingly 
directed (in the sense of <) bounded net {xa} C A/+ there exists a lowest upper 
bound l.u.b.Xa within Af_|_. On the other hand, a positive linear form uj G M^ is 
normal if, and only if, for each ascendingly directed bounded net {xa} C Af+ the 
relation uj{l.u.b.Xa) — l.u.b.uj{xa) = liTaaUj{xa) is valid. Note that in the latter 
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characterization it suffices if tlie mentioned continuity be fulfilled for ascendingly 
directed nets of orthoprojections of M. 

In contrast to the previous, v G Mjjl is called singular if to each orthoprojection 
p G M with vi^p) > there is another orthoprojection q G M with < q < p and 
iy{q) = 0. According to ^^ each uj e il/^\M+* in a unique way can be decomposed 
as uj = (jJi + aj2, with normal wi S A/*-|_ and singular 102 S M^. 

The simplest example of a W* -algebra where singular positive linear forms can 
exist is the commutative W* -algebra £°° = £°°(N) of all bounded sequences x — 
(xn) = {xi,X2, . ■ ■) of complex numbers, with norm ||a;||oo = sup^gpj |a;„|, and 
algebra multiplication x ■ y = (x„y„) and *-operation x* — (a;„) defined com- 
ponentwise. Recall that in this case the predual space (.^ is the Banach space 
of all absolutely summable sequences -^^(N), with norm ||ci;||i — X)neNl'^"l ^^'^ 
bj — [ujn) G ^"'^(N)(= f^). Thereby, each such uj can be identified with an element in 
the dual Banach space (£°°)* via the identification with the linear functional (jj{-) 
given as lo{x) = 'Ylm&i^nXm for each x S £°°. For simplicity, also this functional 
uj{-) will be referred to as w, w = io{-). 

In generalizing from the setting of a normal positive linear form, call a positive 
linear map T : M — > TV from one W*-algebra M into another W*-algebra N 
normal if T{l.u.b.Xa) — l.u.b.T{xa) holds for each ascendingly directed bounded 
net {Xa} C M_|_. Note that in a W*-algebra the Alaoglu-Bourbaki theorem may be 
applied on M, and then yields that the (closed) unit ball Mi of M is a{M,M^)- 
compact. From this it follows that the unit ball within the bounded linear operators 
which map the W* -algebra M into itself is compact with respect to the topology 
determined by the system of seminorms pxj, labelled by x e M and / £ Af*, 
and which are defined at T by pxj{T) = |/ o T{x)\. Refer to this topology as 
the cr(M, Af*)-weak operator topology on the Banach algebra of bounded hnear 
operators B(Af ) over the Banach space M. Thereby, by convention for T, S G B(Af ) 
let the product TS G B(Af ) be defined through successive application of maps to 
the elements of M in accordance with the rule 'apply right factor first', that is 
TSix) = {T o S)ix) = TiSix)). 

1.1.2. Traces on C*- and \N* -algebras. We recall the very basic facts on traces as 
found e.g. in H, 6.1.]. A function r : Af+ — > R4. from the positive cone into 
the extended positive reals is said to be a trace provided it is (extended) additive, 
positive homogeneous (that is, x,y £ M+ and A G M+ imply t{x + y) — t{x) + T{y) 
and t{Xx) = Xt{x), with • c» = by convention) and obeys t(x*x) = t{xx*), for 
each X € M {invariance property). ^From the first two properties it follows that 
Mr+ = {x G Af+ : t{x) < 00} is a hereditary subcone of A/+, that is, Afr+ is a 
cone such that x G Mr+ and < y < a: for y G Af+ implies y G Mr+. From 
this it is then easily inferred that £,- = {a; G Af : t{x*x) < 00} is a left ideal in 
M. Owing to the invariance condition t{x*x) = t{xx*) however, Cr has to be also 
a right ideal. Hence, Cr is a two-sided ideal of M, which is characteristic for the 
trace r. It is known that the complex linear span [Afr+l is a *-subalgebra of M 
which is even a two-sided ideal and which is generated by £t as [Mt+] = C^. Also, 
on the *-subalgebra [Afr+l there exists a unique (complex) linear form f obeying 
f(a;) = t(x), for each x G A/^+. Owing to invariance then also the characteristic 
commutation property T{yx) = f{xy) holds, for each x G [AfT-+] and all y G M . 

The two-sided ideal [Afr-i-] will be referred to as defining ideal of the trace t. 
Since the linear extension f of r from the cone of all positive elements of [Afr-i-] 
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(which according to the previous is Mr+) onto [A/t+I is unique, by tacit under- 
standing the notation t{x) will be also used at non-positive x of the defining ideal 
of T if the evaluation f{x) of the linear functional f at a; is meant. 

The trace t is termed finite trace if Mr+ = M^, and semifinite trace if t(x) = 
sup{r(y) '■ y < X, y & Mr+}, for each x G A/+. If M is a W*-algebra, with group of 
unitary elements U{AI), the above condition on invariance usually is replaced with 
a seemingly weaker requirement upon unitary invariance, that is t{u*xu) = t{x) be 
fulfilled, for each x S M+ and u G U{M). However, both conditions are equivalent 
there (and are so even on unital C*-algebras). Also, in the W*-case the trace r is 
said to be normal provided for each ascendingly directed bounded net {xa} C -M+ 
the relation T{l.u.b. Xa) = l-u.h. T{xa) = limo, T{xa) is fulfilled. 
Now, suppose J C M is a proper two-sided ideal of the W*-algebra A4 . Then, / is 
also a *-subalgebra of M, with generating positive cone /+ = / n Af+, that is, / = 
[/+] is fulfilled (these facts are consequences of the polar decomposition theorem, 
essentially) . Under these premises we have the following extension principle : 

Lemma 1.1. Suppose /+ is a hereditary suhcone of M^. Then, each additive, 
positive homogeneous and invariant map tq : /_(_ — > R+ extends to a trace r on 
M , with Mr+ — {x Cz I-^ : to{x) < 00} . 

Proof. Define t(x) = tq{x), for x G I^, and t{x) — 00 for x G A/-|_\/+. Then, since 
/_i_ is a hereditary cone, for x,y € M^ with x + y £ I^ one has both x, ?; G /_|_, and 
thus T{x) + T{y) = T{x + y) is evident from To{x)+To{y) = TQ^x + y). For x, y G M_|_ 
with X + y ^ I^ at least one of x,y must not be in /_)_. Hence, t(x) + T{y) = 00 
and t{x -\- y) = 00 hy definition of r. Thus additivity holds in any case. That 
T is also positive homogeneous is clear. Finally, remind that, according to polar 
decomposition x = u\x\ for x G M, one has xx* = u{x*x)u* and x*x — u*{xx*)u, 
with the partial isometry u G M . Since / is a two-sided ideal of M, from this one 
infers xx* G /+ if, and only if, x*x G /+. From this in view of the definition and 
since tq is invariant on /+ also invariance of r on Af+ follows. D 

1.2. Examples of traces. In the following the classical special cases of traces 
on M with either M — B(7i) or M = CB{TC) are considered in more detail, where 
CB(7i) is the C*-subalgebra of B(7i) of all compact linear operators on the separable 
infinite dimensional Hilbert space Ti. For generalities on the theory of compact 
operators and proofs from there the reader is referred to p9, p2] e.g.; in the following 
recall only those few facts and details which are important in the context of traces. 
In all that follows, the scalar product H x Ti. B {XtV} ' — ^ ix^v) & C on H 
by convention is supposed to be linear with respect to the first argument Xi and 
antilinear in the second argument rj, and maps into the complex field C 

1.2.1. Traces on compact linear operators. We start with recalling the character- 
ization of positive compact linear operators in terms of a spectral theorem. Let 
X G B{H)+ be a non-trivial positive (=non-negative) bounded linear operator. 
Then, a; is a (positive) compact operator, x G CB{'H)+ if, and only if, the fol- 
lowing two condition are fulfilled. Firstly, there have to exist a non-increasing 
infinite sequence (/ii (x) , /i2 (x) , . . . ) of non- negative reals ^k {x) , which converge to 
zero as fc ^ 00, and an infinite orthonormal system (o.n.s. for short) {(fin} C 7i of 
eigenvectors of x obeying xipk = iikix)ipk, for each fc G N, and with xip ~ 0, for 
each if G [{</5n}]^ (thus the spectrum of x is spec(a;) = {iJ.k{x) : fc G N} U {0}). 
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And secondly, each non-zero eigenvalue of x has only finite multiplicity, that is, 
m{ji) = #{fc : iik{x) — /i} obeys m(/^) < oo, for each /u G R+\{0}. 

Recall that CB{H) is also a closed *-ideal of B(H). Hence, according to polar 
decomposition, x e B(7i) is compact if, and only if, the module |a;| — \/x*x of x 
is compact, \x\ E CB(7i)+. In line with this and following some common use, for 
x £ CB{H) and in view of the above define fik{x) = ^fe(|a;|), for each /c G N, and 
refer to the ordered sequence Hi{x) > iJ,2{x) > ■ ■ ■ of eigenvalues of |a;| (with each 
of the non-zero eigenvalues repeated according to its multiplicity) as characteristic 
sequence of x. The terms of this sequence can be obtained by minimizing the 
distance of the given compact operator x to the finite rank linear operators (which 
are special compact operators) of a fixed rank as follows : 

VfceN: Hk{x)^mm{\\x~y\\: ye CB{n), dim yn<k}. (1.1a) 

Alternatively, and yet more important, these values can be obtained also from a 
representation of the sequence {an{x)} of their partial sums ak{x) = X]i<fc P^k{x) 
which arises from maximizing the following expression over the unitaries U(7i) of 
Ti and finite orthonormal systems j?/'!, . . . , ^fc} C 7i of cardinality fc G N : 



3<k 



:weU(H),{V'i,... ,Vfc}o.n.s. L (1.1b) 



Cfc(a;) — max 

which for positive x simplifies into 

Va;eCB(7Y)+: ak{x) = max<^ y^^{x'4>j,ipj) : {%l)i, . . . ,-0^} o.n.s. '> . (1-lc) 

Now, let us fix an arbitrary maximal orthonormal system (m. o.n.s. for short) {ipn} C 
Ti, and let p be an orthoprojection with diiapTi = k < oo. Then, for each x G B(?i) 
the operator xp is of finite rank, and for each o.n.s. {"017 • ■ • iV'fe} which linearily 
spans pTi, by elementary Hilbert space calculus one derives the relation 

CXj 

Y^ {xpifn ,</?„)= ^ {Xljjj ,1pj) . ( X ) 

n=l j<k 



Hence, in case of compact x ( l.lb| ) equivalently reads as 



(7k{x) = max 



Y{uxp<fin,Vn] 



ue\Jin),p = p* =p,dimpn<k} . (•) 



Note that for x > the expression of (x) is positive and with the help of sim- 
ilarly elementary calculations as those which led to (x) one infers that for each 
orthoprojection p with dhnpTi = k < oo and any x G B(7i)-|_ the following holds : 

oo oo 

Y{xipj,1pj) = ^(p^^•(^„, y^ifn) = Y{xpifn,'Pn) > . (*•) 

j<k n—1 n—1 



Especially, since according to (1.1c) for positive compact x maximizing over the 
unitaries becomes redundant and may be omitted, in view of this and (•*) for each 
such element the relation (*) then simplifies into the following well-known form : 

Va; G CB{Tl)+ : cTkix) = max< ^ ^(xpy„, ipn) '■ P ^ P* = p^, dimpTY < fc > . (l.ld) 
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^From (l.lb)-(l.ld) one now concludes some useful relations and estimates. The 
first is a rather trivial consequence of the definition of ak (x) and says that 

Vx e CB{n), A e C, fc e N : crfc(Ax) = |A| ak{x) . (1.2a) 

It is stated here only for completeness. In the special case of positive compact 



operators from ( 1.1c ) we get the following often used estimates ; 



\/x,yeCB{n)+,keN: y < x =^ akiy) < <Jk{x) . (1.2b) 



The next estimate is due to ^5| and at once gets obvious from ( 1.1b ), and tells us 
that the following holds : 

yx,yeCB{H),ken: ak{x + y) < akix) + ak{y) ■ (1.2c) 

The third estimate deals with an upper bound of ak{x) + (Jk{y) in case of posi- 



tive operators x,y ^ CB(7i)_|_ and arises from (l.ld). In line with the latter, let 
orthoproj actions p,q of rank k be given such that ak{x) = X]n=i(^P'^"' V'n) and 
'^k{y) = Sn=i(y9¥'"i '/'") ^'"^ fulfilled. Then, the least orthoprojection p\/ q ma- 
jorizing both p and q has rank 2fc at most. Thus there is an orthoprojection Q of 
rank 2fc and obeying p\/q < Q. Hence, in view of the choice of p, q and with the help 
of (•t*:) one infers that J2'^=i{^Q'Pn, Vn) = akix) +Y,'^^^{x{Q - p)ipn, ^n) > (^kix) 



and Y.'^=i{yQVn,Vn) = (^kiy) +Y,'^=i{xiQ - q)(pn, ^n) > cTkiy)- In vicw of dl.ldD 
from this then CTfe(x) + cTk{y) < o'2k{x + y) follows. For positive compact operators 
the previous together with ( |1.2c[ ) may be summarized into the following one : 

yx,yeCB{H)+,keN: (Jk{x + y) < crk{x) + ak{y) < (J2k{x + y) . (1.2d) 



Note that, since CB(7i) is a two-sided ideal, from (1.1a) for each y e CB{Ti) and 
a,b £ B{H) the estimate 

VfceN: ^ik{ayb)<\\a\\\\b\\^lk{y) (1.2e) 

can be obtained. Thus, under these conditions one has 

Va, 5 e B(W), y e CB(H), fc e N : ak{ayb) < \\a\\ \\b\\ a^iy) . (1.2f) 

Especially, if x = u\x\ is the polar decomposition of x e CB(7i) within B(7i), then 
with the partial isometry u € B(7i) one has both, xx* ~ ux*xu* and x*x = u*xx*u. 



In the special cases of (1.2f) with y — xx* , a — u*, b — u and y = x*x, a — u, b — 
u* we arrive at estimates which fit together into the following assertion : 

Va;eCB(H), fceN: <Jk{x*x) ^ akixx*) . (1.2g) 

In the following, a trace r is said to be non-trivial if there is at least one a; > with 
< t{x) < oo. The relations given in eqs. (|l.2|) are the key facts that the theory 



of traces on both algebras CB{Ti) and B{TC) can be based on. 

Lemma 1.2. Let ii : CB(7Y)+ i — > IR+ be defined by tix — lim„^oo (j„(a;), for each 
X e CB(7i)+. Then, tr is a non-trivial semifinite trace on CB{TC). Moreover, to 
each non-trivial trace t which does not vanish identically on the positive operators 
of finite rank there exists unique A £ M+\{0} such that A • t{x) > trx holds for all 
X € CB(7i)+, and with equality occuring at each x of finite rank. 

Proof. The sequence {cr„(a;)} is increasing, for each x € CB(7i)+. Thus trx = 



lim„^oo f„(a;) exists in the extended sense. Especially, from (1.2d) in the limit then 



additivity of tr follows, whereas from (1.2a) and (1.2g) homogeneity and invariance 
can be seen. Thus, tr is a trace (see 1.1. 2| ). By construction < tr a; < oo for each 



compact positive a; 7^ of finite rank. Thus tr is non-trivial. However, since H 
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is infinite dimensional, trx = oo will occur for some positive compact operators. 
To see that tr is semifinite requires to prove that for x £ CB(7i)_|_ with trx = oo 
there existed a sequence {xn} C CB(H)+ with x„ < x and tra;„ < oo such that 
lim„^(x> tr a;„ = oo. Note that by definition of tr, tra; = oo implies that x cannot 
be of finite rank. Hence, x can be written as x = X]fe=i A''fe(2;)Pfc, with infinitely 
many mutually orthogonal one-dimensional orthoprojections pk and all /Xfc(x) ^ 0. 
Clearly, for each n S N the operators x„ — X]a:=i t^k{x)pk are of finite rank and 
obey < xi < X2 < X3 < . . . < X. Also, owing to CTfe(x„) = (Jnix) for k > n, one 
has trx„ — cr„(x), and therefore lim„^ootrx„ — 00 follows. Thus tr is semifinite. 
Suppose r is a non-trivial trace. Thus < r(j/) < 00, for some positive compact 
y. Suppose t{x) > for some x > of finite rank. According to additivity 
and homogeneity of r there has to exist a one-dimensional subprojection p of a 
spectral orthoprojection of x with t{p) > 0. The same arguments for y ensure that 
T{q) < 00, for some one-dimensional subprojection q of some spectral projection 
of y. But since q — vv* and p = v*v, with v € CB(H), by invariance of r one 
has r(q) — t{p). Hence 00 > t{p) > 0, and T{q) = t{p) for each one-dimensional 
orthoprojection q. Put A — t(ji)^^. Then A • T{q) = trg, and thus A • t(x) — trx 
for each positive operator x of finite rank. Finally, if x € CB(7i)+ is not of finite 
rank, let < xi < X2 < 2:3 < • • ■ < a^ be the above approximating sequence of x by 
finite rank operators x„. Also in such case lim„^ootrXn = lim„_^oo cr„(x) = trx 
follows. Hence, in view of the above relation over the operators of finite rank, and 
since t(x„) < r(x) holds, trx = lim„^oo trx„ = A lim„^oo t(x„) < A • t(x). D 

For completeness, we give yet the most famous formula relating tr and which makes 
that this trace is so extremely useful. 

Corollary 1.1. For each maximal orthonorm,al system, {ipn} C Ti. andx £ CB(7i)-)_ 
one has trx = J2'^=i{^^n,^n)- 

Proof. Let {tpj} be an o.n.s. with xipk — /ife(x)iy9fc, for all A: G N, and be p„ 
the orthoprojection with PnTi ~ [ipi, . . . ,</?«]. Then, by positivity of x one has 
{xijjn^ipn) = iVxtpn, y/xtpn) > ipk\/x'ipm Vxfpn) , and therefore and in view of (••) 
one gets J27=i(^'^n,i^n) > Y^'^^iiPhV^i^n, V^'^Pn) = Y.'j^ii^fj^'Pj) = crfc(x). Ac- 



cording to Lemma 1.2 then X]n=i(^^n' ^") ^ trx follows. On the other hand, if 



qk is the orthoprojection onto [ipi, . . . , V'fc], according to (l.ld) for each fc e N cer- 



tainly J2n=ii^'^ri,i'n) = S^i (a^ftV'n) V'n) < crfe(x). From this in view of Lemma 



1.2 once more again X]^i(^V'n) '0™) < trx is seen. Taking together this with the 



above estimate provides that equality has to occur. D 

A non-zero trace r on CB(7Y) will be said to be singular if t(x) — for each x > 
of finite rank. Relating this and non-trivial traces there is the following result. 

Corollary 1.2. Let t be a non-trivial trace on CB(Ti.). Then, either r = A • tr 
holds, for a unique A G K+, or there exist a singular trace Ts and a unique a G M+ 
such that T = Tg + a ■ tr. 

Proof. If r = A • tr is fulfilled, then t{p) = A trp, for each one-dimensional ortho- 



projection p. Owing to trp — 1 (see Corollary 1.1) then A = r(p) follows. 

Suppose T ^ M+ tr. Then, r 7^ 0, and if a decomposition r = Ts + a • tr 
with singular Ts exists, then t{p) = a, for some (and thus any) one-dimensional 
orthoprojection p, and the following two alternatives have to be dealt with : firstly, 
if T is vanishing on all positive operators of finite rank, r is singular, and t — Ts 
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and a = have to be chosen (see above). Secondly, if r does not vanish on aU 



positive operators of finite rank, according to Lemma 1.2 there exists unique A > 
with A • t{x) > trx, for each x £ CB{H)+, with equahty occuring on any operator 
of finite rank. Hence, in defining Ts{x) = t{x) — X~^ tr a;, for each x with tra; < oo, 
and Ts{x) = oo else, we get a positive map r^ which does not vanish identically on 
the positive compact operators, but which is vanishing on all positive operators of 
finite rank. From the previous and since both t and tr are traces, also additivity, 
positive homogeneity and invariance of Ts at once follow. Hence, t^ is a singular 
trace, which is easily seen to obey r = r^ + a • tr, with a = A~^. D 

1.2.2. Traces on B(7i). Remind in short the theory of traces on M = B(7i), with 
separable infinite dimensional Hilbcrt space Ti.. Let JFB(7i) be the two-sided ideal 
of all operators of finit rank in B(7Y). In the following an ideal T will be termed 
non-trivial if I 7^ {0} and T ^ B(7i). Both J^B(7i) and CB(7i) are non-trivial 
two-sided ideals. Thereby, the compact operators form a closed ideal, with JFB(7Y) 
being dense within CB(7i). Start with a useful criterion on non-compactness for a 
positive operator. 

Lemma 1.3. A positive operator x > is non-compact if, and only if, there exist 
real A > and infinite dimensional orthoprojection p obeying Xp < x. 

Proof. Note that, in contrast to the spectral characterization of positive compact 
operators, the spectral theorem in case of a non-compact x > with ^ spec(a:) < cxd 
provides that Xp < x has to be fulfilled, for some non-zero A and orthopro- 
jection p with dimpTi. = cx) (for one A € spec(x)\{0} at least the correspond- 
ing spectral eigenprojection p has to meet the requirement). But then, due to 
normclosedness of the compact operators, and since for each positive x one has 
X G {y '■ < y < X, #spec(a::) < 00} (uniform closure), such type of estimate has 
to exist in each case of a non-compact positive operator x. On the other hand, if 
Xp < x is fulfilled, for some non-zero A and infinite dimensional orthoprojection 
p, in view of this relation the equivalence of p with the unit operator 1 will imply 
v*xv to be invertible, for the partial isometry v achieving p — vv* , 1 = v*v. Thus, 
owing to the non-triviality of the ideal CB(7i), v*xv ^ CB(7i) has to hold. Due to 
two-sidedness of CB(7i) the latter requires that also x was non-compact. D 

Corollary 1.3. Both !FB{T-i)+ and CB{T-C)+ are hereditary subcones ofB{'H)+. 
Proof. For JFB(7i)+ the assertion is trivial. For non-zero x G CB{T-C)+ and positive 



y ^ with y < X also y must be compact since otherwise the criterion of Lemma 1.3 
were applicable to y with resulting in a contradiction to the assumed compactness 
of X, by the same criterion. D 

The following is likely the most remarkable result relating ideals in B(7i) and de- 
scends from ||l[, see also [^2[ Lemma 11, Theorem 11]. 

Theorem 1.1. J-'BiTi) <ZX <Z CB(7i), for each non-trivial, two-sided ideal T. 

As a consequence of this the defining ideal of a non-trivial trace r on B(7i) 
always is a non-zero ideal of compact operators. Thus especially t{x) — 00 must 
be fulfilled, for each x € B{Tl)+\CB{H) + . On the other hand, since according 



to Corollary 1.3 CB(7i)+ is a hereditary cone, whenever tq is a non-zero trace on 



CB(7i), then the extension principle of Lemma 1.1 can be applied and shows that 
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upon defining t{x) — to{x) for x G CB{T-i) + , and t{x) = oo for x G B{H)+\CB{H)+, 
a non-zero trace r on B(7^) is given. Thus, traces (resp. non-trivial traces) on all 
bounded linear operators are in one-to-one correspondence with traces (resp. non- 
trivial traces) on the compact operators. 



For the unique extension of the trace tr of Lemma 1.2 from compact operators 
onto B(7i) the same notation tr will be used. Note that in view of Lemma 1.3 with 
the help of |l.2.1 (x) and (••) easily follows that for non-compact a: > and each 



m.o.n.s. {ipn} one has J2'^=i{^Vni Vn) — oo- Hence, the formula given in Corollary 
extends on all x G B(7i)+. From this formula it is plain to see that tr is a 



1.1 



non-trivial normal trace on B(7Y). Up to a positive multiple, tr is also unique on 
B(7i) as non-trivial trace with this property: 

Corollary 1.4. A non-trivial normal trace r has the form t — a ■ tv, with a > 0. 

Proof. Let pi < p2 < P3 < ■ ■ ■ < 1 be a sequence of orthoprojections with 
rank(p„) — n, for each n G N. Then, for each x > 0, l.u.b.y/xpn\/x — x. Note 
that Xn —j/xpn^/x € JFB(7i)+ holds. Since also t\cb{h)+ is a non-trivial trace, by 
Corollary |L2| there is unique a > with T(a;„) = a ■ tra;„, for each n G N. Hence, 
by normality of r and since tr is normal, t(x) = a • tra; follows, for each a; > 0. D 

Note that in view of the mentioned one-to-one correspondence with traces on the 



compact operators Corollary 1.2 extends to non-trivial traces on B(7i) accordingly. 



In line with this and Corollary 1.4 the theory of traces on B(7i) with separable 
infinite dimensional Ti. essentially is the theory of the one normal trace tr and 
myriads of singular traces. 

1.3. Examples of singular traces on B(7i). Examples of singular traces have 
been invented by J.Dixmier in [Q. Nowadays this class is referred to as Dixmier- 
traces. In the following, only the singular traces of this class will be constructed 
and considered. Thereby, in constructing these traces we will proceed in two steps. 
In a first step we are going to define some non-trivial two-sided ideal in B(7i), 
with hereditary positive cone, which later will prove to belong to the defining ideal 
of each of the singular traces to be constructed. As has been already noticed in 



context of Theorem 1.1, each such ideal then is an ideal of compact operators. For 
such ideals one knows that these can be completely described in terms of the classes 
(Schatten-classes) of the characteristic sequences coming along with the operators 
of the ideal, see |p3. Theorem 12]. In these sequences, which are in i?°°(N)+, the 
full information on the ideal is encoded. 

In a second step, a class of states on ^°°(N) is constructed which, in restriction 
to the mentioned sequences from the ideal, yields a map which vanishes on those 
sequences which correspond to operators of finite rank. If taken as functions on the 
positive operators of the ideal these maps will be shown to be additive, positive 
homogeneous and invariant. Hence, the extension via the extension principle of 



Lemma LI on all of B(H)+ finally will provide us with a class of singular traces. 



1.3.1. Step one: Some ideal of compact operators. For compact x with the help of 
the characteristic sequence {/x„(x)} define 

VfcGN\{l}: ^,ix)^^J2^^i-)-^- (1-3-) 

j<k 
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Then, {7n(a;) : n > 1} is a sequence of non-negative reals which may be bounded or 
not. The bounded situation deserves our special interest. Let a subset L^'°°(7i) C 
CB(7i) be defined as follows : 



L^^°°{H) = \xe CB{n) : sup7„(a;) < oo 



(1.3b) 



It is plain to see that by L^'°°(7i) an ideal is given in B(?i), for some corresponding 
terminology see [g8[ |[ Q, and e.g. 0. 

Proposition 1.1. L^'°°(7i) is a non-trivial two-sided ideal in B{TC), and thus is 
an ideal of compact operators, with hereditary cone L^'°°{Ti.)-f- of positive elements. 

Proof. In view of the definitions ( |l.3| ) and since CB(Ti) is a two-sid ed id ea l, the 
validi ty o f the first assertion follows as an immediate consequence of ( 1.2a ) , ( 1.2c ) 
and (L2i) together with the fact that for each operator x of finite rank { 7„(a ;) : 
Ti > 1} is a null-sequence and thus is bounded. Finally, owing to Corollary 1.3 for 
X € L^'°°{n)+ and y e B(H) with < y < x one infers y G CB(7^)+, and then 
y < X according to ( 1.2b| ) implies also y G L^'°°{Ti)+. D 



For completeness yet another characterization of L^'°°{'H) will be noted (without 
proof, see e.g. in |^, IV. 2. /3]), and a class of L^'°°-elements, which can be charac- 
terized through the asymptotic behavior of the singular values, will be given. 

Let L^iTi) be the ideal of all operators of trace-class, th at i s, the defining 
idea l which corr esponds to t he n ormal trace tr, cf. Lemma L2 and Corollary 
|l.l| . From ( 1.3h| ) and Lemma L2 then especially follows that the inclusion rela- 
tion L^iTi.) C L^'°°{H) takes place amongst L^'°°{H) and the ideal of trace-class 
operators. Moreover, if in line with |g8[ another Banach space L°°'^{T-i) (= &i^ in 
28 1) is defined through 



L°°'\n)^ iyeCB{n) 



?i=i 



n fj,„{y) < oo 



(1.4) 



then it is essentially due to (1.2c), (1.2e) and by monotonicity of the sequences of the 
(T„(2/)'s and -'s that also L°°'^{T-L) is a non-trivial two-sided ideal (Macaev-ideal). 
Note that in analogy to the above also in this case obviously an inclusion with 
trace-class operators takes place, L^iH) C L°°'^{T-i). The ideals from ( 1.3b ) and 
(1.4) are related by the duality given through the 2-form Q{x,y) — tixy. Namely, 
each X G CB{H) obeying xy G L^{n), for aU y G L°"'\H), is in L^^°°{H). 

Proposition 1.2. L^^°°(7Y) is the dual to the Macaev-ideal. 

Also, in this context note that for each x G CB(7i) obeying xz G L^i'H) for all 
z Cz I, with an ideal / of compact operators, and each y € I the relation 



\^{X, y)\ <^ Hn{x) fln{y) < oo 
n=l 



(1.5a) 



must be fulfilled. In fact, since by assumption for a,5 G B{Ti) also axby G L^{Ti) 
is fulfilled, in view of the polar decomposition of x,y the estimate |i7(a;,j/)| < 
sup„ ^ |trw|a;|f;|y| | can be easily inferred, with m, v e xtendi ng ov er the partial isome- 
tries in B(7i). Also, with the help of Corollary LI, and ( Lib ) e.g., one finds that 
sup„,, |trw|a::|f|y| | < sup^X^^i M«(a;)r„ must hold, with r = (ri,r2, . . .) obeying 
ri > r2 > ra > . .. > and J2k<n'^k < o-n{y) = I]fe<„ /^fc(y), for each n G N 
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(the ordering of /i„ (x) 's is of importance in this context) . Since also the sequence 
of /i„(j/)'s is in decreasing order, it is not hard to see that by successively ex- 
ploiting the just mentioned conditions on r, for n < TV with iV e Kf, the validity of 
Sfc<7V Mfc(a;)(/Xfe(j/) — Tfc) > can be derived, for each N gN, and any given r which 



is subject to the above conditions. From this the left-hand side estimate of (1.5a) 
gets evident. Now, for any two given compact linear operators x, y in view of the 
polar decomposition theorem and owing to compactness of both operators partial 
isometries u^w can be chosen such that w|a;|w|y| > holds, with the singular val- 
ues of the compact operator M|a;|w|i!/| ob eying /i„(M|a;|w|j/|) = Unix) Univ), for each 



n G N. In accordance with Lemma 1^ one then has | trMlxliilyl | = trulxiwlyl = 
lim„^ooCr„(u|a;|w|y|) = J2 ^^n{u\x\w\y\) = Y, Hn{x) ^in{y) ■ Hence, since in our par- 
ticular situation of x, y we have ulxjuilj/l G L^{7 i) an d the above proved left-hand 



side estimate of ( 1.5a ) has been shown to hold, ( 1.5a ) i s com pletely seen. 



Especially, in view of Proposition L2 the estimate ( 1.5a ) can be applied with 



X e L^'°°(TC) and / = L°°'^{Ti). Relating asymptotic properties of singular values 
of a; e L^'°°{'H) we thus get the following information: 

oo 

xeL^^°°{n) =^ VyeL^'\n) : ^ Mn(x) M«(y) < oo . (1.5b) 

n=l 



Viewing (|1.4D and (1.5b|) together suggests compact x with asymptotic behavior of 



singular values like /i„(a;) = 0{n ^) as good candidates for elements of L^'°°(7i).R 
In fact, such asymptotic behavior implies that, with some C > 0, for all n > 2 

a„{x)= J2 Mx)<Cn+ J2 fc"^j<C'|l+/ t-^dt\ ^Cil+ log n) 

l<k<n *- 2<k<n ) i J 1 J 

is fulfilled. In view of (^]^) we therefore arrive at the following result : 
Corollary 1.5. x G CB{n), /i„(x) = O(n-i) =^ a; G L^^°^{n) . 

Remark 1.1. (1) It is easy to see that for compact x with bounded multiplicity 
function, to(A) < N < oo for all A, the condition imposed by ( 1.5b| ) upon 



amounts to finix) ~ 0{n^^). Unfortunately, in case of unbounded m this 
can fail to hold.|j That this can even occur for x within L^'°°{Ti) can be 
seen by the following counterexample : fj 
(2) Let X be positive and compact with /xi(a;) = 1, and with singular values 
which for k > 2 with (m — 1)! < A; < to!, to > 2, are given by fikix) = 
logm/ ml. One then easily proves that (Tk{x) obeys am\{x) < 1 + log?7i!. 
Since the function f{t) = log(l -I- t/ml) — i{log(TO -I- 1)/ (to + 1)!} is non- 
negative for < t < m ■ ml, from the previous also ak{x) < 1 -I- log A; can 
be followed whenever ml < k < {m + 1)! is fulfilled. This conclusion applies 
for each to. > 2, and thus according to ( |l.3| ) we finally get x G L^'°°(T-i). On 
the other hand, lim,„_^oo "i! /iTO!(a;) = oo holds. Thus in particular Unix) 
certainly cannot behave asymptotically like 0{n^^). 



^As usual, for 3 : N 9 n i-^ 9{'^) 6 I^+\{0} the notation Xn = 0(g(n)) is a shorthand notation 
for \xn\ < C gin), with some C > (and accordingly defined with R-|- instead of N). 
^We are grateful to C. Portenier for mentioning this fact to us. 
^The counterexample has been communicated to us by J. Varilly, see also [ha. Lemma 7.35]. 
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1.3.2. Step two: Scaling invariant states. Let us come back now to the construction 
of the Dixmier-traces. The construction will be based on considering a certain class 



of states on the commutative W*-algebra M = i°° , see 1.1.1 for basic notations. 
Relating special further notations, for each fc S N let Cfc G i°° be the k-th atom 
in i°°, with j-th component obeying {ek)j = 5kj (Kronecker symbol), and let Ek 
be the special orthoprojection of rank k given as Ek — X^iXfc ^j- The ascendingly 
directed sequence {En} obeys l.u.h. En = 1 and the following equivalence is valid : 

X e £°° : II ■ lloo - lim EnX = x ^=^ lima;„ = . (1.6) 

n — ^oo n 

Also, for X S C^, {Enx} C i^ is ascendingly directed, with l.u.b.EnX = x. 

For the following, let a mapping s : £°° — > £°° (scaling) be defined on a; g i°° 
through s{x)j = X2j, for all j e N. It is obvious that s is a normal *-homomorphism 
onto i°°. Hence, s is a unital normal positive linear map onto itself, and l"^ — {x ^ 
£°° : s{x) — x} is a W*-subalgebra of i°° (the fixpoint algebra of s). 

Lemma 1.4. There exists a conditional expectations : £°° > £'^ projecting onto 

the fixpoint algebra £'^ such that the following properties hold: 

(1) £os = £; 

(2) £{x) — (lim„^oo Xn) ■ 1, for each x G £°° with lim„^oo Xn existing. 



jk<r 



Proof. Let us consider the sequence {s(n)} of partial averages s(n) — - J^k 
n e N. Since these all are unital positive linear maps, by a{£°° ,£^)-weak compact- 
ness of the closed unit ball in B(£°°) the sequence of partial averages then must 
have a cr(£°° , f ^)-weak cluster point £ which has to be a unital positive linear map, 
too. Since then £ — a{£°°,£^) — weak limA s(nA) has to be fulfilled for some ap- 
propriately chosen subnet {s(riA)}, the inclusion £^ C {x G £°° : £{x) — a;} gets 
evident. Since s(ri) o s = s o s(n) and ||s(n) o s — s(n)|| < - hold, for each n e N, 
and since owing to normality of s for each uo € £^ also cj o s G £^ is fulfilled, by 
argueing with the mentioned subnet one infers that £os = so£=f. From this 
{x € £°" : £{x) = x} C £'^ and s(n) o £ = £ follow, for each n. Thus in view of the 
above £^ = £ o £ = £ follows. Hence, £ is a projection of norm one (conditional 
expectation) projecting onto the fixpoint algebra of s and which satisfies (jlj). 

To see (H), note first that owing to s(efe) = for fc odd, and s(efc) — ek/2 for k 
even, one certainly has s"{Ek) = 0, for each n > logfc/log2. Hence, the action of 
the n-th average s(n) to the orthoprojection Ek can be estimated as ||s(n)(£'fc)||oo < 
[logfc/log2]/n (here [•] means the integer part), and thus for all fc e N one has 
II • lloo — lim„_,oo s{n){Ek) = 0. /^From this and £ = a-{£°°,£^) — weak lim^ s{nx) 
then especially u){£{Ek)) = follows, for each u ^ £^. Hence £{Ek) = 0, for each 
k. Since for each y G £°° with < y < 1 one has < Eky < Ek, from the previous 
together with positivity of £ also £{Eky) = follows. By linearity of £ and since 
£°° is the linear span of £°^ n (^°°)i this remains true for each y G £°° . But then. 



for x g £°° with a = lim„^oo Xn by continuity of £ and in view of (1.6) one infers 



£{x~ a-1) = II • lloo — limfe^oo £{Ek{x — a- 1)) = 0, which is equivalent with (H). D 
Corollary 1.6. There is a state uj G S{£°°) satisfying the following properties: 

(1) W O S = UJ ] 

(2) uj{x) =lim„^ooX„, provided Yvoin^oo Xn exists. 
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The set rs{i°°) of all such states is a w* -compact convex subset of singular states.^ 



Proof. Let E be constructed as in Lemma \A. By positivity and unitality of £, for 
each V S S{i°°) also to — voE is a state. In view of (|1)-(||) this state then obviously 
satisfies (0)-@-lI That ^s{(-°") is w*-compact and convex is evident from the linear 
nature of the conditions (P-(||). Finally, in accordance with (||) one has uj{Ek) = 0, 
for each lo G Ts{t°°) and all fc G N. Now, let p G £°° be any orthoprojection with 
u>(p) > 0. Then, p ^ 0, and owing to l.u.b. EnP = p there has to exist A: G N with 
q = EkP ^ 0. Thus < q < p and q < Ek- In view of the above from the latter by 
positivity of uj then uj{q) = follows. Hence, each ui G Ts{t°°) is singular. D 

1.3.3. Constructing the Dixmier-traces. For given x G L^'°°(7i), let a sequence 7(0;) 
be given through 7(x) = (72(2:), 73(0:), . . . ), with 7n(x) in accordance with (1.3a). 
Then, by definition (L3q) one has 7(0;) G C^. Hence, if for each fixed scaling 
invariant state co G Ts{i°°), see Corollary 1.6, following ||] we define 

- 1,00 / 



yxeL'-°^in)+ : Tr^ix) ^ ioi-fix)) ., 



(1.7) 



then according to Proposition 
a positive map Tr^^ : L^'°°{H) 



1.1 



and since w is a positive linear form, we are given 
)+ B X I — > Tiuj^x) G R+ defined on the positive cone 
of the ideal L^'°°{Ti). The key idea of [|| is that additivity of Tr^^ can be shown. 



Lemma 1.5. Tr^^ is an additive, positive homogeneous and invariant map from 
L^'°°{n)+ into. 



" 1,00 



(H)+ is the positive cone of a two-sided ideal of compact op- 
G L^'°°{H)+ and A G K+ we have that x + y, Xx, x*x, xx* G 



Proof. Since L 

erators, for x,y 

L-^'°° {Ti)+, and t hese are compact operators again. Hence, in view of ( 1.3a ) from 

( 1.2a ) and ( 1.2g ) both A • 7(2:) — 7(Aa;) and 'y{x*x) — ^{xx*) follow, which in 



line with (1.7) means that Tr^^ is positive homogeneous and invariant. It remains 
to be shown that Tr^^ is additive. First note that according to the left-hand side 
estimate of (1.2d) within £^ one has 7(2; + y) < 7(2;) + j{y). Hence, by positivity 



and linearity of oj, (1.7) yields 

Tr^(x -I- y) < Ti^ix) + Tr^(y) 



(*) 



Now, to each compact operator z let 7^(2:) = (73(2), 74(2), . . . ), that is, 7°(z) arises 
from 7(x) by application of the one-step left-shift. Also, on £°° let a linear map m 
be defined by m(/3)„ = ^JZl^\ ' /3«, for all n G N, at /? G i°°. One then has 



log(n+l) 

V/3Gr 



lim m(^)„ = . 



(**) 



Note that 7°(z) G £°° whenever z G L^°°{T-i). We are going to estimate 7(2) — 7°(z) 
for z G L^°°{'H). Since both {cr„(z)} and {logn} are monotoneously increasing, in 
view of the definition (1.3a) for each z G L^°°{'H) the foUwing estimates at once 
can be seen to hold, for all k G N\{1} : 



Jk{z) - -fk+i{z) <Jk+i{z) 



fog(fc + 1) 

logfc 



1 < 



log 2 
logfc 



lk+i{z) < 



log 2 
logfc 



\liz)\\ 



*Let another map d (doubling) over £°° be defined at x by d{x)j = a;[(i_|.j)y2]i j (:^ (H refers 
to the integer part of r). Then, scaling is left-inverse to doubling in B(£°°), and thus in addition 
to (hi) one also has d-invariance of each uj g rs(£°°) as well. 

^he usage of Lemma |l.4| might be avoided in this context; as we learned from [M a positivity 
and separation argument of Hahn-Banach type may be used instead as well. 
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On the other hand, we also have 

7.(z) - 7.+1W > i,g(fc + i) = -l^i(^TT) - -i^iikTT) ■ "l^ll • 

^^From these two estimates we infer that A(z) = 7(2) — 'y'^{z) for z e L^'°°{'H) is a 
null-sequence in ^°°, that is, lim„^oo A(z)n = is fulfilled. According to the choice 
of uj and in accordance with Corollary ^^ (g) we thus have the following to hold : 

Let us come back to our above x,y ^ L^'°°{'H)+. Having in mind the definitions 
of the positive linear operators s and m as well as the meanings of 7 and 7°, it 



is easily inferred that from the right-hand side estimate in (1.2cl) when divided by 
logfc, and considered for all fc > 2, the estimate 7(x) +'y{y) < (cr2fe(a;-f y)/logfc) ~ 
s(7°(x + y)) + m o s(7"(a; + y)) can be followed to hold in ^^. By positivity and 
linearity of lu from this then 

uj{j{x)) + uj{j{y)) <Ljo s(7°(a; + y)) + uj o m(s(7''(a; + y))) (o) 

follows. Now, in view of (*•) and Corollary |1.6|(P) one has lj o m{s{'j" {x + y))) — 0, 



whereas from Corollary 1.6 (1^) and (*••) one concludes that uj o s(7°(a; + y)) 



u;(7(x -I- y)). These facts together with (o) fit together into the estimate uj{-^{x)) 



u;(7(j/)) < uj{^{x+y)), which in view of (1.7) says that Tti^{x) +TT^{y) < TT^{x+y) 



has to be valid. The latter and (•) then make that the desired additivity Trcj(x) -I- 
Tr^ (y) = Tr^ {x + y) holds. D 

1.3.4. Th e Dixmier-trace as a singular trace. We remind that according to Propo- 
the positi ve c one of the ideal L'^'°° {Ti) is hereditary. Thus the extension 



sition 



1.1 



principle of Lemma 1.1 according to Lemma L5 for each lo G Ts{t°°) allows to ex- 



tend the map Tr^^ of (L7) to a trace on B(7Y ). Thereby, the extension constructed 



in accordance with the proof of Lemma LI will be the unique one with defining 
ideal L^'°°(7i). For this trace the same notation Tr^^ will be used henceforth. We 
refer to this trace as Dixmier-trace (to the particular u e T^{(°")). The essential 
properties of Dixmier-traces are summarized in the following. 

Theorem 1.2. Tri^ is a singular trace on B(7i), for each u € Ts{£°°). The follow- 
ing properties are fulfilled: 

(1) L^'^{n)+ = {x e B{n)+ : Tt^{x) < 00} ; 

(2) X e i^'°°(H)+, 3 lim„^oo7n(2;) =^ Tr^(x) = lim„^oo 7«(a;) . 

Proof. The validity of (|l|) follows since the traces in question all are obtained as 
extensions of the maps given in (^J), which satisfy Lemma 1.5 and which have range 



^-1- (and not merely M_|_). Since each state lo G rs{i°°) obeys Corollary |l.6| (p[), in 
view of the previous and (^) also (||) follows. Finally, for each x e TB(Ti)+ the 
sequence j{x) is a null-sequence, and therefore especially a; £ L^'°°{H)+, and as a 
special case of (g) then Ttui{x) = follows. Hence, Tr^j is a singular trace. D 

Note the remarkable feature of the Dixmier-traces coming along with Theorem 



L2(^) and saying that provided certain circumstances are fulfilled for x, e.g. if 
the sequence {"fnix)} has a limit, then independent of the state-parameter u all 
these Dixmier-traces may yield the same common value at this x. It is such case 
of independence one usually is tacitely addressing to when speaking simply of the 
Dixmier-trace of x, whereas the operator itself then is referred to as measurable 
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operator^ cf. [0, IV. 2, Definition 7]. Some criteria of measurability, which however 
all reduce upon showing that the above mentioned special case of existence of 
lim„_+oo ln{x) would happen, subsequently will be discussed in more detail. 

1.4. Calculating the Dixmier-trace. 

1.4.1. Simple criteria of measurability. We start with discussing conditions which 
read in terms of spectral theory and which ensure that -for a given operator x E 
L^'°°{TL) which is not simply of finite rank~the above-mentioned special case of 
measurability occurs, that is, the limit liviin^oolnix) exists. As a first result of 
that kind one has the following one:p| 

Lemma 1.6. Suppose x e CB(7i), with fin{x) ^ L-n^^. Then\inin^ooJn{x) — Ln 

Proof. For compact operator x suppose lim„_,oo n ^n{x) = L to be fulfilled. Then, 
in case of L > 0, for 5 with i > J > 0, let M{5) G N be chosen such that 

-1 ^ ,. I^\ ^ IT I x\„-i 



Vn > Af = M{6) : {L - 5) n-^ < ^„(a;) < {L + S) 



n 



^From this for each n > M we get 

M<k<n M<k<n M<k<n 

Since < t i-^ t^^ is a strictly monotone decreasing function and the sequence of 
the singular values is decreasingly ordered, with the help of 



dtr 



pn nr^ 

/ dtt-^ < V k~^ < I 

^^^+1 M<k<n •'^'^ 

which holds for n > M the above estimate ( x ) implies 

dt {L - 6) t~^ < cr„(a;) - anix) < dt{L + 6) t^^ . 

IM+I Jm 

^From this for all n> M ^ M{5) 

[L ~~ 5){1 - log(A'f + l)/logn} < 7„(a:) - (Ta/ (x)/logn <{L + 5){l - logAf/logn} 
is obtained. Considering these estimates for n — > oo then yields 
{L — 6) < liminf 7„(a;) < limsup7„(x) < L + S . 

n >oc ^ — ^QQ 

Note that in case of L = by positivity of all 7n(a;) instead of the previous one 
finds < liminfn^oo 7n(a;) < linisup„^j^ 7„(a;) < S, for any S > 0. Thus, since 
(5 > can be chosen arbitrarily small, in either case lim„_^oo 7n(a;) — L follows. D 



Now, let us suppose x £ CB(7i), with finix) = 0{-). According to Corollary 1.5 
we even have x G L^'°°{Ti), and since X^n"^^^^^'' < oo is fulfilled for each e > 0, 
then \x\^ at each z G C with 5Rz > 1 has to be of trace-class and the definition 

Uz) = J2l^nixr=tT\x\' (1.8) 

n>l 

will provide us with some holomorphic function (^ in the half-plane SRz > 1. For 
this modification of the Riemann ('-function the following holds. 

^We are grateful to C. Portenier, Marburg, for suggesting some details around this and related 
subjects tecl]. 

^For / ; N ^ R+ and g : N -> M+\{0} the notation /(n) ~ L ■ g{n) stands for 
lim„_,tx3 f{rL)/g{n) = L (and accordingly defined with R+ instead of N). 
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Lemma 1.7. Let x G CB(7i), with /in (a;) = 0(— )• Suppose C,x admits an extension 
onto the half-plane '^z > 1 which is continuous there except for a simple pole with 
residue L at z = \, at worst. Then even /i„(x) ^ L ■ n~^ holds. 

Proof. In case of a; G J-'B{'H) one has lini„ n-/i„(a;) = as well as lini(;^o+ tr |a;|^+'^ = 
tr|a;| = X]n/^"('^) ^ °°' ^y triviality. From the latter lim<,^i_|_(s — l)Cx('S) = 
follows. Hence, for each operator x of finite rank the assertion is true, with L — 0. 
Suppose now that x is not of finite rank, x ^ J^BiTi). In view of definitions 



(1.3a) and (1.8), upon possibly considering instead of x a scaling Ax by a suitably 
chosen real A > 0, without loss of generality it suffices if the assertion for x > 
with /ii(x) < 1 can be shown. In line with this assume such x G CB(7i)+\ JFB(7i). 

By the spectral theorem there exists a spectral representation of x as an op- 
erator Stieltjes-integral x = L XE{dX), with projection- valued measure E(dX) 
derived from a left-continuous spectral family {E{X) : A G K}, that is, a family 
of orthoprojections obeying E{t) < E{X), for t < \, E{s) = 0, for s < and 
^(A-) = l.u.b.t<xE(t) = £;(A), for each A < cx), with l.u.b.t<ooE{t) = 1. By 
convention, for a <h, then /^~ E{d\) = E{b) - E{a) = E{[a,h[) and /^ E{dX) = 
E{b+) — E[a) = E{[a,b]), and so on accordingly, where e.g. £^(6-1-) stands for the 
greatest lower bound E{b+) = g.l.b.t^i,E{t). 

By means of some functional calculus and owing to normality of the trace tr it 
is easily inferred that ( |l.8| ) can be represented as an ordinary Stieltjes integral : 

/•OO 

VzGC,3ffz>l : Ca;{z)= / t-^da{t), (1.9a) 

Ji+ 

with the monotone increasing function a given by 

a(i) =tr£;([l/i,oo[). (1.9b) 

But then, if the assumptions on Qx are fulfilled with lims^i+(s — l)C,x{s) = L, 
all conditions for an application of Ikehara's theorem [gl[, are given (we refer to 
the formulation in Q, Theorem 16]). In line with this the conclusion is that 
asymptotically 

a{t) ^ L-t (1.9c) 

has to be fulfilled as t tends to infinity. Since x is a compact operator, in view of the 
properties of the spectral resolution E together with normality of tr the definition 



(1.9b) provides a right-continuous, integral- valued step function which is constant 
between inverses of neighbouring spectral values of x. Especially, in case of n G N 
with /J.„(a;) > fin+iix) one infers that a for all t with /i„(a;)^^ < t < Hn+iix)^^ 
yields a(t) = n. A moments reflection then shows that with respect to each term 
of the ordered sequence ni < n2 < n^ < ... of all subscripts where the value 



of fin jumps the relation (1.9c) in view of lim„^oo Mn(2^) — and by continuity 
of the parameter t in particular also implies both limfc_+oo nk+i fJ-Uk+iix) = L and 
limfc_»oo «fc /^nfc+i(x) = L to be fulfilled. But then, since /i„(a;) = jJiuk+A'^) holds 
for rik < n < Uk+i, also liran— ,00 n finix) = L can be obtained from these limit 
relations. Thus under the condition of the hypothesis also fin{x) ^ L ■ n^^ in case 
of a: > and which is not of finite rank. In accordance with our preliminary remarks 
the assertion then has to be true, in either case under the mentioned hypothesis. D 
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Remark 1.2. (1) Relating Lemma |l.6| remark that there are examples of opera- 
tors where lim„^oo 7n(a;) = L exists but iJ,n{x) 7^ L ■ n"-'^, see ^, Beispiel 
A.27] or [H Lemma 7.35]. 
(2) On the one hand, the conditions imposed on /x„(x) and Cx in Lemma fj 
simply reproduce the usual conditions for the standard results of Tauberian 
typqj to become applicable. On the other hand, that the behavior of the 
extension of (x at the whole line 3f?z = 1 (and not only at z = 1) has to 
be of relevance can be seen also by example: there is a; G CB(7i) with 
Unix) = 0(i) and lims_i+(s - l)Cx{s) = 1 but for which ^„(a;) 9^ l/n.| 

1.4.2. A residue-formula for the Dixmier-trace. The most important from practical 
point of view special case of measurability for an operator x occurs if the limit 
lim„7„(a;) exists. In particular, according to the previous considerations the latter 
will happen e.g. provided some function-theoretic assumptions on x can be satisfied. 
In these cases a formula arises which allows us to calculate the (singular) Dixmier- 
trace with the help of the ordinary trace as a limit of some function-theoretic 
expression of the operator in question. In fact, in view of Theorem n_^(Eh and 



upon combining Lemma 1.7 and Lemma 1.6 we get the following result 



Corollary 1.7. For each x E CB(7i)+ with /i„(a:) ~ 0{-) one has x £ L^'°°{T-C) + , 
and then by Cx{z) = trx^ a holomorphic function in the half-plane 3?z > 1 is given. 
Suppose (^x extends onto the half-plane 3ffz > 1 and is continuous there except for a 
simple pole at z — 1, at worst. Then the Dixmier-trace of x is obtained as 

T^T-ujix) = Vanjnix) = lim (s— l)tra;''. (1.10a) 

n s^l + 

Especially, when (^^ extends to a meromorphic function on the whole complex plane, 
with a simple pole at z = 1 at worst, this formula turns into 

Tr^(a;)=inesU=i(C.), (1.10b) 

with the residue '0\zs{C,x) of the extended complex function, taken at z — 1. 



For completeness remark that by our Corollary 1.7, which is sufficient to cope 
with our later needs around Connes' trace theorem, in the special cases at hand 
the imphcation (1) ^ (2) of jj, IV, Proposition 4] is reproduced. 

Clearly, from both the theoretical and practical point of view, in context of the 



previous those situations deserve the main interest where formula (1.10b) could be 
applied. According to the results in |jl^. Theorem 7.1, 7.2] this happens e.g. if 
the context of the classical pseudodifferential operators of order — n acting on the 
sections r{E) of a complex vector bundle E -^ M of a n-dimensional compact 
Riemannian manifold M is considered. 

In fact, in M^ one proves that as a consequence of the good function-theoretic 
properties of Cx for each such operator the Weyl's formula of the asymptotic dis- 



tribution of the spectral values |43 can be seen to hold. Thus, in particular the 
condition /ife(x) — 0(l/fc) is then fulfflled automatically and does not appear as an 
independent condition any longer. 



*This especially concerns theorems of Hardy and Littlewood ]l9| and Ikehara [El|, see [hM 
Chap. VII, 7.5] and kd see especially on p. 126 and Theorem 18]. 

^J. Varilly has informed us about this fact and examples and counterexamples around this 
question which will appear in | |l5| . Also we are very indebted to J. Varilly for some clarifying 
remarks and hints to the literature. 
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But then, upon combining formula ( 1.10h| ) with a method |l^, Theorem 7.4, 7.5] 



(or see |^) of expressing the residue in terms of the principal symbol of the classi- 
cal pseudodifferential operator in question, one finally will arrive at Connes' trace 
theorem. 

2. The Connes' trace theorem and its application 

In the following we are going to comment on the way along to Connes' trace 
theorem in a more detailed manner and will give some indications on applications 
of this formula as to classical Yang-Mills theory. 

2.1. Preliminaries. 

2.1.1. Basic facts about pseudodifferential operators. Let fl be an open set in M", 
and let C^{fl) be the space of smooth functions with compact support inside fl. 

Definition 2.1. Let ]3eC°°(rixM). pis called a symbol of order (at most) m e M, 
if it satisfies the estimates 

\d^d^pix,0\ < C^pk{i + ll^lir-'"!, X e X, e e M", (2.1) 

for any choice of multiindices a, (3 and compact K <zQ,. The space of the symbols 
of order m is denoted by S"^{^ x R") or simply S™" . 

Note that our definition corresponds to the special case with g = \ and (5 = of 
a more general class of symbols as considered e.g. in M, Definition 1.1.], to which 
and to 1 10, T% the reader might refer also for other details on pseudodifferential 



operators.]^ It is obvious that 5™ C S^ for m < k. For p e S"", let p{x, D) denote 
the operator 

{p{x, D)u){x) = (27r)-"/2 /p(x, Oe'<^'«^^(e)de (2.2) 



u(^) = (27r)-"/2 / e-'<^'«>u(a;)da; (2.3) 



is the Fourier transform of u. Note that different p,p' G S*™ may lead to the same 
operator, p(x, D) = p'{x, D). 

Definition 2.2. A pseudodifferential operator (^/iDO) of order (at most) m is an 
operator of the form 

P=p{x,D), (2.4) 

where p E S™ . The class of f/^DO's of order m is denoted by i™. 

The mapping 5™ — > L™, p i— > p(x, Z?), is surjective, but in general it will not be 
injective. Its kernel is contained in S'~°° = HmGR ^"^ ■ "^^^ V'DO's corresponding to 
S~°° form the space L~°° of smoothing operatorsPI. The principal symbol (Jm{P) 
of a ipDO P of order m with symbol p G 5*™ is the class of p in S'^/S"^~^. 



^"Relating notions, conventions and terminology, we do not follow the usage of |p4| into any 
detail, but instead join some slightly simplified conventions and notations which are suitable for 
our purposes and which we borrowed from some survey lectures of E. Zeidler |Ua], and which are 
the same as in ^ and Q 10.4., especially § 10.4.7.]. 

^^For a more precise argumentation the reader is referred to p4, §3.2, Definition 3.3 and Re- 
mark], and where also the notion of 'properly supported i/iDO' comes into play, but which for 
simplicity will not be considered explicitely in this paper. 
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Definition 2.3. p E S*™ is called classical, if it has an "asymptotic expansion" 

oo 
P-'^Prn-j, (2.5) 

i.e. Pm-j e S"^~^ and 

p-Y,P„,-,eS^-'',^N, (2.6) 

and if Pm-j is positive homogeneous in ^ "away from 0" , i.e. 

p„,_,(x,tC) - f^-^pm-j{x,0, U\\ > 1, < > 1. (2.7) 

A ipDO is said to be classical if its symbol is classical. The spaces of classical 
symbols and -0DOs are denoted by S*™ and L™ respectively. 

Let p'^_j{x, £,) be homogeneous functions in ^ on fi x (R" \ {0}) coinciding with 
Pm-j for II ^11 > 1. These functions are uniquely determined, and one writes also 

oo 

instead of (2.5). The principal symbol of a classical ipDO can be identified with the 



leading term pj'„ in the asymptotic expansion (2 



Theorem 2.1. Let F : f2' — > fl be a diffeomorphism of domains in R". 

Then to every ipDO P on fl with symbol p € S'™(il x R") corresponds a tpDO P' 

on Vt' with symbol p' € S'^{D.' x R") such that: 

F*(Pu) = P'{F*{u)), u e C^{n), F* - pull-back, (2.9) 

p'{x, - P{F{x), CF'{x))-'0 e S"^-\n' X R"). (2.10) 

If P is a classical ^DO then so is P' . 

The theorem makes it possible to define f/'DO's on manifolds. Let M be a 
paracompact smooth manifold, and consider an operator A : C^{M) — > C°°{M). 
If fl is some coordinate neighborhood of M, there are a natural extension map 
in : C^(^) — > C^{M) and a natural restriction map pn : C°°(A/) — > C°°(0). 
A is called -000 of order m if all the local re stric tions Aq :— p^oAoi^^ : C^{Vt) — > 



C°"{Vt) are tpYiO of order m. By Theorem 2A, this is a good defi nition , and also 
classical ijiDO can be defined in this manner. Moreover, equation ( 2.1C ) says that 
the principal symbol has an invariant meaning as a function on the cotangent bundle 
T*M. 

On the other hand, f/^DO on a manifold can be constructed by gluing: Let IJ ■ Q.j = 
M be a locally finite covering of M by coordinate neighbourhoods, and let Aj be 
V'DO's of order m on fij. Furthermore, let '^^ipj = 1 be a partition of unity 
subordinate to the given covering, and let (j)j S C^{flj) with (j)j\supp i/. = 1. Then 
A := ^- (j)j o Aj o ipj [(pj, ipj considered as multiplication operators) is a f/^DO of 
order m on M whose restrictions Aq . coincide with Aj . 

V'DO's acting on sections of vector bundles are defined with appropriate mod- 
ifications: They are glued from local V'DO's which are defined using matrices of 
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symbols. The principal symbol is then a function on T* M with values in the endo- 
morphisms oi E, i.e. a section of the bundle TT*{End{E)), where tt : T*M — > M is 
the projection of the cotangent bundle, and End{E) is the bundle of endoniorphisms 
of ^. 

V'DO's are operators from C^{M) to C°°{M). ipDO's of order m can be 
extended to bounded linear operators H^{M) — > H''^"^{M), s £ R (Sobolev 
spaces). Notice that, by the Sobolev embedding theorems, every ipDO of order 
< 0, H" — > H^~"^, can be considered as an operator iJ" — > H'^. In particular, 
taking the case s = 0, every ^/iDO of order < may be considered as an operator 
L^ — > L^. For the case of manifolds, a Riemannian metric is used in the definition 
of the L^ scalar products, for vector bundles in addition a fibre metric. L'^{M,E) 
denotes the corresponding space of L^ sections. We will need the following list of 
facts (for some terminology and the corresponding generalities see [p4l Definition 
3.1., 24.3] and 23.26.12.] e.g.): 

1. The product (which exists, if at least one of the factors is "properly supported") 
of two V'DO's of orders to, to,' is a ipDO of order m + m' . 

2. The principal symbol of the product of two -0DO's is the product of the principal 
symbols of the factors. 

3. A V'DO of order < is bounded. For order < it is compact. 

4. A ijjDO of order less than —n on a manifold of dimension n is trace class. 

5. If A is a V-'DO on a manifold, and if (j)j and ipj are as above, then A may be 
written 



A = ^ VjA0j + A' 



with A' £ L °° (smoothing operator). 

Remark 2.1. Note that the classical -(/'DO 's form an algebra which is an example of a 
more abstract object which usually is referred to as Weyl algebra. According to Q, 
it is a Weyl algebra corresponding to the symplectic cone Y = T*M \ {0} ({0} the 
zero section), with its standard symplectic form w and K+-action pt{x, ^) = (x, t^). 
That is, Y is an R+-principal bundle such that p^uj — tuj. The properties listed 
above, however, are only part of the conditions assumed in |1^, 2., A.l.-E.]. 

2.1.2. Definition of the Wodzicki residue. There are at least two equivalent defini- 
tions of the Wodzicki residue: As a residue of a certain ^-function and as an integral 
of a certain local density M] , |24| . We take as starting point the second definition 
which can be used most directly for writing classical gauge field Lagrangians. The 
first definition will show up in the second proof of Connes theorem. 

Definition 2.4. Let M be an n-dimensional compact Riemannian manifold. Let 
T be a classical pseudodifferential operator of order —n acting on sections of a 
complex vector bundle E — > M. The Wodzicki residue of T is defined by 

ReswiT) = — ^ / tTEa^niT)p, (2.11) 

where cr_„(r) is the principal symbol of T, S*M is the cosphere bundle {£, e T*M : 
II 511 g = 1} and fi is the volume element defined by a multiple of the canonical contact 
form on T*M. tiE is the natural pointwise trace on ■n*{End{E)). 
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The form /x is defined as ^ = (^_;^?i — a A (da)^'"~^\ where a is the canonical 

1-form on T*M, a = J^i d^x^ in local coordinates. 

Also Resw is defined for classical t/^DO of any order, using the same formula 
with p-n instead of (t_„ for integer order m > —n, and putting Resw = else. 

It should be noted that the Wodzicki residue can be defined without using the 
Riemannian structure [[44| : One starts defining for a tpDO T on a chart domain in 
R" a matrix-valued local density 

reSx{T) = ( / p_„(a;,C)MCI) \dx\, 

where d^ — X]i(^l)'Ci'^Ci A • • • A d^i A • • • A ^„ is the normalized volume form on the 
standard Euclidean sphere ||^|| = 1 and dx is the standard volume form in the chart 
coordinates. Note that d^dx — jjl. Then one shows that this has good functorial 
properties, i.e. is indeed a density (an absolute value of an n-form) on M , and 
defines 

Resw{T) = / tr res^{T). 

Due to the homogeneity property of p_„(a;, S,) (using the Euler formula), p^n{x, ^)d^ 
is a closed form, thus ||^|| = 1 can be replaced by any homologous n — 1-surface, in 
particular by any sphere ||^||q — 1 with respect to a chosen Riemannian metric on 



M. This leads to formula (2.11) used above. Thus, Resw{T) does not depend on 
the choice of the Riemannian metric defining the cosphere bundle. It may, however, 
depend on the metric through a metric-dependence of T. 



Remark 2.2. The residue Resw defined above coincides, up to a universal factor 
which depends only on dim(M), with the residue defined in ||l^. Definition 6.1]. 

Properties of the Wodzicki residue (see Q, |^ and ||l^. Proposition 6.1]): 

1. Resw is a linear (in general not positive) functional on classical t/iDO's. 

2. Resw is a trace on the algebra of classical V'DO's. 

3. It is the only trace if M is connected, dim(M) > 1. 

4. Resw vanishes on operators of order < —n or noninteger. 

2.2. Connes' trace theorem. 

2.2.1. Formulation of Connes' trace theorem. We are now ready to formulate the 
famous trace theorem Q. 

Theorem 2.2. Let M be a compact Riemannian manifold of dimension dim(M) = 
n, let E — > M be a complex vector bundle over M , and let T be a classical 
pseudodifjerential operator of order —n on T(E). Then 

(i) The extension of T to the Hilbert space TC = L^ {M, E) belongs to the ideal 

(ii) The Dixmier trace Tti^{T) coincides with the Wodzicki residue, 

TT^iT)^ReswiT)^—^ f trE<7~niT)^i. (2.12) 

«(27r)" Js*M 

As a consequence, Ti^^lT) does not depend on the choice of the functional lo in this 
case. 
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The following two parts will be devoted to proofs of this theorem exclusively. 
Two variants of proving will be presented : 

In the first variant we are following roughly the line of the original arguments 
given in g], but see also |gg and |1J] for some details]^, and the special case of 
scalar operators is dealt with, essentially. Thereby, to keep short, in some parts the 
proof will be left a bit sketchy. However, in any case it will be at worst detailed 
enough to convince the reader of the validity of Connes' trace theorem for the 
example of the scalar operator (1 + A)~"'^ on special compact manifold like the 
n-torus T" or the n-sphere §", respectively (A is the Laplacian there). 



The second variant of proving will be based on an application of Corollary 1 . 7 and 



formula (1.10b), together with some of the knowledge gained while proving Connes' 
theorem in one of the above mentioned special cases which were completely treated 
in course of the first variant of th e proo f. Thereby, according to the arguments 



found in |1^, we firstly learn that ( 1.10b| ) gets applicable, and secondly see that a 



complete proof only requires to consider this formula explicitely for a non-trivial 
example (i.e. one with non- vanishing Dixmier-trace). We emphasize that it is due 
to the pecularity of this second line of argumentation that along with a special case 
then validity of the theorem in its full generality - not only for scalar operators - can 
be concluded. 

2.2.2. On the proof of Cannes' trace theorem. The idea is to see first that the 
theorem is true if it is true on one manifold and then to prove it on a manifold one 
likes, e. g. T" or §". 

First, the theorem is true on a manifold M globally iff it is true locally. This is 
due to property 5. of V'DO's given above and the fact that smoothing operators are 
in the kernels of both Resw and Tr^^. Now one can transport the local situation, 
using a local diffeomorphism, to a local piece of another manifold M' . Both sides 
of the desired equation do not change under this transport. Using now again the 
above local-global argument, we can think of this local operator as part of a global 
operator on M' (gluing by means of a partition of unity). Thus, if the theorem is 
true on M', it must also be true on M, otherwise we would have a contradiction. 

Let us prove point (i) of the theorem for scalar operators on T". First we show 
T E L^'°° for any ipDO of order —n on T". The Laplacian A (with respect to the 
standard flat metric on T") is a differential operator of order 2, therefore (1-|-A)~"/^ 
is a ipDO of order —n, and T can be written in the form T = S{1 + A)~"/^, where 
5 is a -^DO of order 0, therefore bounded. Since L^'°° is an ideal, it is sufficient to 
see (1-hA)-"/2 e L^^°^. 

For the proof we need yet a little result from the general theory of compact 
operators. Suppose a; > is compact but not of finite rank. Let Ai > A2 > . . . > 
be the ordered sequence of the non-zero eigenvalues of x, with multiplicity rrifc for 
Afc. Then, for each integer t € [0, mk+i], fc > 2, let us consider 

. . Ej<fe >^3 rrij + Afc+i t /o 1 Q ^ 



which yields all terms 7ri(a;) of the sequence (1. 3a) with X^iXfc "^i ^ "■ !i 12i<k+i 



TTl, 



From (|2.13a| ) with the help of the properties of the logarithm one then easily infers 



^^We are very indebted to B. Crell, Leipzig, who kindly placed to our disposal his manuscript 
and the reading of which was strongl y fac ilitating our understanding of some of the peculiarities 



of Connes' approach towards formula (2.12) 
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that for the mentioned t's the following estimate holds : 

Cfc+i7{i:^.<,m,}W < l{^^^,m,+t}{x) < Cfc+i7{i:,.<,+im,}(a;), (2.13b) 

with Ck+1 = l+{log(l + {mk+i /J2i< k "^j))/log J2j<k '^ji- ^^ '^i'^'^ of the structure 
of the latter coefficients from ( ^.13b| ) then the following and often useful auxiliary 
criterion can be seen to hold. 

Lemma 2.1. Let x E CB{T-i)+\J-B{T-C). Suppose hnik^oo '^{y, m}{^) exists. If 
the sequence {"T-fc+i/ X^iXfe '^i ' ^ ^ ^1 ^^ bounded, then also lim„^oo 7n (a;) exists. 

Now we are ready to start our considerations around (1 + A)^"''^. The spectrum 
of the Laplacian A = — X]"=i (^f on T" = K"/27rZ" is pure point, consisting of the 
values J2i ^li ^i £ ^- The corresponding eigenfunctions are e*'^^, k E Z", x E M". 
The multiplicity of an eigenvalue A of A is m(A) = #{A; G Z"| ^^ kf = A}. From 
this follow analogous facts for the operator (1 + A)~"/^. Let nik be the multiplicity 
of the fc-th eigenvalue of the latter. Let 

7^((i + Ar"/2) = ^'^p<«^(i + ii^ii')""^' 



logTv;, 



where NU is the number of lattice points in Z" with l + ||fc|p < R^. By construction 



it is easily seen that convergence of {7fl((l + A) "/^) : R e R+\{0}} as i? — > oo 
implies the limit limfe^oo 7{j^ „j.-i,((l + A)~"/^) of the considered subsequence of 



the sequence ( 1.3a ) to exist (in which case then both limits have the same value). 
It is not hard to see that for geometrical reasons with the above multiplicities 
also the other condition in the hypotheses of Lemma |j is fulffiled; this e.g. can be 
concluded as a by-result from our estimates given below and relating the asymptotic 
behavior of the ratio between the surface of an n-sphere to the volume of the n-ball 



of the same radius R within R". Hence, in view of Lemma 2.1 the conclusion is 
that if the limit 

T ~ //I , A^-n/2^ T I^l+||/cp<fl2(l + ||fc|| ) 
lim 7p((1 + A) ' ) = lim 'UL^ ; 

can be shown to exist, then by Theorem ^^(0) it has to equal Tt:^{1 + A)~"/^ 
(independent of lu). Also, it is not hard to see that the latter limit exists if 

,. Z]||fc||<_R, ll'^ll 

lim — ^-^^^ 

R^oo \ogNji 

exists, where Nr is the number of lattice points with ||A;|| < i?, in which case then 
both limits yield the same value. We prove that the latter limit exists, computing 
its value. It is well known [^ that 

where Vr — ^R"- (volume of the ball of radius R in M"), 0„ = pf ,^s (area of the 
sphere S""^). Neglecting terms of lower order in R, we have 

Nr^Vr + ...^ — i?" + . . . . 
n 

In order to determine X]||/c||<_r ll^ll~" ^^^ large R, we first count the number of 
lattice points in a spherical shell between R and R + dR, 

Nn+dR - Nr - VR+dR -Vr + ... = nnR"-^dR +... . 
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Integrating this, we obtain asymptotically for large R 



E 



||A:||<_R ■" ^ 

Together with log Nn — n log R + log f7„ — log n + . . . this leads to 

,. I]||fe||<fi ll^ll " ^n 

lim , ~ ^r — 7 

R-^oo log Nji n 

i.e. 

Tr^(l + A)-"/2 = ^. (2.14) 

n 

It is much easier to determine the Wodzicki residue of (1 + A)~"/^ : the principal 
symbol of (1 + A)-"/2 is ct_„((1 + A)-"/2)(a;,C) = UW^", where ||.|| denotes the 
standard euclidean metric on M". Therefore, 

Reswiil + A)-"/2) = ^^ f didx = -^^n f dx = 

n{2ny'' Js*T^ n(27r)" Jj„ 

1 -f]„(2^)" = ^, 



7i(27r)" 

coinciding with the result for the Dixmier trace. Thus, the theorem is already 
proved for a special operator on T". 

To prove point (ii) of the theorem, we start with some general remarks about 
Tiuj- It is a positive linear functional on the space L~" of V'DO's of order —n 
with L^"~^ c kerTr(^, because elements of L~"~^ are trace class (see property 4. 
above). Since always L-'7L""-i ~ S'-"/S'-"-i is fulfilled|f] it then follows that 
Tr^j may be considered as a linear functional on S'~"/S'^"^^, the space of principal 
symbols of f/'DO's of order — n. By restriction, it is also a linear functional on the 
space of principal symbols of classical V'DO's of order —n. On the other hand, this 
latter space and the space C°°{S*M) coincide, since every element of C°°{S*M) 
by homogeneity defines a classical principal symbol, ((t), 23.29.11.). Thus, we end 
up with a linear functional on C°°{S*Ad). It follows from symbol calculus that 
this functional is positive (see pj). Thus, we have a positive distribution, which is 
always given by a positive measure on S*M (|^, 17.6.2). 

Since an isometry of M gives rise to a unitary transformation of V^i^M, Vg), and 
the spectrum of an operator does not change under unitary transformations, the 
Dixmier trace is invariant under isometrics. Therefore, the corresponding measure 
on S*M is invariant under isometrics. 

Considering now the case M = §", the standard n-sphere with the metric in- 
duced from the euchdean metric on M"+^, the group of isometries is SO{n + 1), 
and S*M is a homogeneous space under the induced action of SO{n +1). It is 
easy to see that the volume form of the induced Riemannian metric on S'*§" is 
invariant under the action of SO{n + 1). Uniqueness of the invariant measure on a 
homogeneous space shows that the positive measure corresponding to the Dixmier 
trace must be proportional to the measure given by this volume form Vg, 



Tr^(T) = const. / a^n{T)v 
Js'M 



^•^ci. second footnote on page ISl 
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It is an easy exercise to show that Vg coincides in this case with the form /i defined 
above. Moreover, the constant, which neither depends on the operator nor on the 
Riemannian manifold, is determined by the example of the torus. 



Remark 2.3. Note that it follows from Corollary 1.7 and 2.2 that the Wodzicki 
residue in some cases coincides with a residue of the zeta function C,t{z) = trT^ 
(see also below). 

2.2.3. An alternative proof of the Cannes' trace formula. In this part another deriva- 



tion of the trace formu la (2.12 ) will be presented. Thereby, the line will be to make 



the abstract formula ( 1.10b| ) directly accessible for Conncs' trace formula in the 



special case of a classical pseudodifferential operator T of order —n. Thereby, by 
some continuity argument, it sufRces if the case of positive-definite operators of 
that kind can be dealt with. 



According to the hypotheses in Corollary L7 under which ( 1.10b ) is supposed to 
hold, for this aim it is sufficient to know that the 'right' asymptotic behavior of the 
spectral values of T holds, and in which case then the extensions of the ^T-function 



of ( [1.8D have to be analyzed. 

Both exercises can be achieved at once and almost without proof by means of 
V. Guillemin's methods given in [|j|. In demonstrating this way towards formula 



(^.12) we finally will end up with an alternative proof of Theorem 2.2 



Before doing this, we recall the special settings corresponding to the assumptions 



of Theorem 2.2. In line with these and in accordance with j?emarfc p. l| the Weyl al- 
gebra W of all classical V^DO's corresponding to the symplectic cone Y = T*M \{0} 
will be considered. We then have the Hilbert space Ti = L'^{M,E), which is the 
completion of the sections r(i?) under a scalar product descending from a symplec- 
tic volume element fi onY and a fibre metric on E. If these are fixed, each classical 
ipDO T which is at most of order corresponds to a bounded linear operator, and 
can be identified with its unique bounded linear extension x = T from sections 
r{E) onto the whole L'^{M, E). Accordingly, in such case we use the same notation 
T for both the ^/iDO and its unique bounded linear extension on all of L'^{M, E). 

Now, let a; be a bounded linear operator on Ti. Then, in the special case that 
X is positive-definite, there exists in a unique way the inverse of x on 7i, that 
is, a densely defined, positive-definite self-adjoint linear operator x~^ on 7i, with 
x~^ X — 1 and xx^^ C 1. In this case we then define Px to be the n-th (positive) 
root of this inverse, Px = vxF^ . 

Especially, if T e L'^/\— W^" in the terminology of [|l^) is supposed to be 
positive-definite, by compactness and in view of the definition of- and the properties 
coming along with -the term ellipticity, for x = T the operator x~^ , and thus also 
Px^ is positive-definite, self-adjoint, elliptic and of order one. 

Now, from [|^ (1-1)] one in particular learns that for the asymptotic growth of 
the singular values of a positive-definite, self-adjoint elliptic differential operator 
P of order one the Weyl's formula |43J holds. This equivalently says that the 
singular values behave like /ife(P) ~ l^/k, with some constant Z, see [B4l (13.18) 
and Proposition 13.1]. Hence, in the above-mentioned special case P = Px this 
asymptotic law amounts to /ifc(r) = ^fc(x) '^ L ■ k~^, with some constant L > 0, 
for each positive-definite T £ L~^{— W^"). Especially, in line with Lemma n|q we 
then have T £ L^'°°(T-i), for each such operator. Since L^'°°{'H) is an ideal from 
this especially L^" C L^'°°(7i) is seen, which demonstrates that Theorem |2.2| (i) 
can be equivalently followed also from the main result of |p7[. 
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On the other hand, owing to Weyl's asymptotic law, the appUcabiUty of formula 



(1.10b) now will rely on the extension properties of C,x from the half-plane 5Rz > 1 
onto C exclusively. This matter we are going to discuss now. 

We start with some preliminary considerations about various existing definitions 
relating to ^-functions which can be associated to some positive operator.]^ 



Firstly, in accordance with the above and Corollary 1.7 the C^-function as given 
in ( pTq ) for compact positive x G L^j" C L^'°°{l-L) is holomorphic in the half- 
plane Sftz > 1. Thus for given fixed n G N upon defining C,^{w) = C,x{z) dX w — 
n(l — z), 3ffz > 1, one gets another complex function w i-^- C^(w;)(= C,n{w)) which is 
holomorphic in the half-plane SRw < 0. Recall that in view of the arguments given 
in context of ( |1.8| ) the operator family ^z > 1 : z ^^ x^ consists of trace-class 
operators. But then, by functional calculus this operator family may be equivalently 
re-defined at each w G C with '^w < and z — {1 — w/n) as ^w < 0, w i-^ ^Px ■ 
Hence, if another C-function 

VwGC,3fiw<0: C(a;,-P)(w) =trxP'" (2.15) 

is defined for boundcd-invertible, positive-definite self-adjoint linear operator P, 
and bounded x > such that xP^ G L^iH) for all w with 'Siw < 0, in view of the 
above in the special case of P = P^ we may summarize as follows. 

Lemma 2.2. Suppose x G i^^" to be positive-definite. Then, in the special case 
of P — Px the complex function w i~> (^{x, P){w) is holomorphic in the half-plane 
^w < 0, and there ({x,P){w) — Cx{z) is fulfilled, at z = {I — w/n). 

Now, from fl^, Theorem 7.4 | on e also knows that the nuclear dimension of W 



is n (the conclusion of Theorem 2_^ (i) being in accordance with this), where n is 
the dimension of the basic manifold M. Hence and especially, if a; = T G L"" is a 
classical ?/;D0 (g W^" in the terminology of [0), then for each positive-definite, 
self-adjoint elliptic operator P G W^ (that is, P is of order one, and among other 
facts, has to be bounded-invertible on TC, e.g.) the C-function w i-^ C{T,P){w) 



of ( 2.15 ) may be considered. In fact, as a consequence of positive-definiteness and 



ellipticity of P and since T is of order —n (which is the negative of the nuclear 



dimension of W) all the conditions under which ( 2.15 ) is to hold are fulfilled, and 
thus the restriction to the negative half-plane of the trace of the operators T{w), 
whose operator family is given as T{w) — T P"^ G W™"" C W™ for w G C, makes 
sense. Thereby, the mentioned operator family itself is known to possess a canonical 
property; it is a so-called holomorphic family of operators [^ 

The latter especially means that the conditions of the hypothesis of [^j. Theo- 
rem 7.1] are fulfilled, and then in line with the conclusion of this result C(T, P){w) 
has to be holomorphic in the half-plane SRw < and has a meromorphic extension 
to the whole complex plane, and at w = has, at worst, a simple pole. Moreover, 
according to U% Theorem 7.4] the residue of this meromorphic extension depends 
only on the symbol (T_„(T) of T, and has the form 

<KesU=o C(r, P) = go Res(a_„(T)) , (2.16a) 

with a non-zero constant, go ^ 0, which depends only on the Weyl algebra W 
under consideration. Now, remind that we are in the special context described 



^''We have to thank H. Upmeier, Marburg, who outlined to us some of the relevant details. 

^^For the precise definition and basic properties around ellipticity and holomorphy for ipDO's 
of a given order and operator families, respectively, we refer to IITI Definition 2.1, Proposition 
4.1, and eq. (3.18)] 
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in Remark |^ But then, the cosphere bundle S*M = {^ e T*M : ||^|| = 1} 
appears as the (compact) base of the symplectic cone Y = T*M\{0}. Denoting by 
tt' : Y ^ S* M the projection of Y, one defines for a homogeneous (of degree — n) 
C°°-section / of the bundle iT*End{E) —> Y, according to Definition 6.1], 



Res(/) 



trfiZ/i 



S'M 



S'M 



^if. 



(2.16b) 



Here jl — a /\ w^*^" ^' is the volume element defined by a salar multiple of the 



canonical contact form on T*M (and thus in accordance with Remark 2.1 one has 
p1 jl = t^ jl, ^f is the uniquely determined (2n — l)-form defined through tr^/zi = 
tt' {jJLf) and tr^; is the natural pointwise trace on tt* {End(E)) . As mentioned above 
there is a basic fact saying that homogeneous C°°-sections of Tr*End{E) ^ y in 
our case exactly yield all the principal symbols to classical i/iDO's of order —n. 

Thus, the above-mentioned conclusions about the possibility of a meromorphic 
extension of CJ T, P ) and its singularity structure at w = apply with P = Pt- In 
view of Lemma ^j and as a consequence of the just said, upon changing the complex 
variable w into z in accordance with w = n(l — z) we will see that analogous facts 
hold in respect of Ct and at z = 1, accordingly. That is, Ct possesses a meromorphic 
extension into the whole z-plane, with a simple pole at z = 1, at worst. Having in 
mind this, and taking into account that from w = n{l — z) & geometric factor 1/n 
arises while passing from the residue of the one extension at ?« = to the residue 
of the transformed extension at z = 1, in view of ( ^.16a )-( 2.16b ) we then may 
summarize as follows : 

Corollary 2.1. Let T G i^J;" be positive-definite. The holomorphic function Ct{z) 
has a meromorphic extension from the half-plane SRz > 1 into the whole complex 
plane with, at worst, a simple pole at z — \. The residue of the extension obeys 



fResI 



Ct{z) = {go/n) 



tTEO--n{T)n, 



S'M 



with a constant go 7^ which does not depend on the special operator T. 



Foremost, according to Corollary 1.7 and by the above-mentioned asymptotic 
spectral properties the Corollary guarantees that formula (1.10b) can be applied 
for positive-definite classical t/jDO's of order —n, with the result that 



Tr^(r) = iga/n) 



iYE(J-n{T)pL 



(2.16c) 



S'M 



has to be fulfilled, for each positive-definite T of order — n. Also, in order to 
fix the constant 50 it obviously suffices to deal with one particular case of such 
an operator. Moreover, once more again according to the local-global an d the 
M-to-M' arguments, which we have already mentioned at th e beginning of ^.2.2 
while proceeding the first vari ant of the proof of Theorem 2.2, we have to conclude 
that the constant g^ within ( p. 16c ) has to be the same, in each case of an n- 
dimensional compact manifold M . Hence, we may content with the known result 
for T = {\ -\- A)~"/^ on the n-torus M = T". According to our calculations 
therefore 50 — l/(27r)" has to hold, and then (2.16c) will yield that ( ^.12 ) has 
to be valid, for each positive-definite T of order —n on an arbitrary compact n- 
dimensional manifold M . ^From this the validity for all positive T of order — n can 
be concluded, since for fixed positive-definite Tq of order —n and each positive T 
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the family r(e) = T + eTq, e > 0, consists of positive-definite i/^DO's of order —n, 
for which according to the above the assertion of Connes formula holds. In fact, 
according to Lemma pTsI one knows Tri^(T(e)) = Tt^{T) +eTTi^(To). On the other 
hand, the map A i— > cr_„(A) between f/'DO's of order — n and their principal symbols 
is a homomorphism, and therefore also a-n{T{e )) — g -„(r) +ecr_„(ro). Hence, 
since the expression on the right-hand side of (2.16c|) obviously is a linear form 



with respect to the cr_„ (T)-variable, the validity of (^.12) in the general case can 



be obtained simply via the just mentioned linearity and upon taking the difference 
between a relation of type (p. 16c), taken at one particular T{e), for some e > 0, 



and a multiple of the relation of type (2.16c) at Tq with e 



2.3. Classical Yang-Mills actions. Here we make some remarks about the con- 
struction of the bosonic part of classical (pure) gauge field actions in terms of the 
Dixmicr trace and the classical Dirac operator. This was considered in more detail 
in the lectures by R. Holtkamp and K. Elsner/H. Neumann. We will make use of 
the fact that the de Rham algebra of exterior forms is isomorphic to the differential 
algebra i^DiC°°{M)) coming from the classical spectral triple {A = C°°{M),'H = 
L'^(M, S), D), D the Dirac operator on the compact n-dimensional Riemannian spin 
manifold M, S the spinor bundle (see the lecture by M. Frank). The representation 
TT of ^ on 7i is given by sending / e ^ to the operator of multiplication with the 
function /. 

2.3.1. The classical Dirac operator and integration on manifolds. First, we notice 

Proposition 2.1. Consider f e C°°{M) as left multiplication operator on L'^{M, S). 
Then 

T..m-)-^Jj^. (2.17) 

where Vg denotes the Riemannian volume element, c{n) = 2"^[""l^"'^7r"' ^nr(ri/2), 
and Tr^^ is the Dixmier trace with respect to any invariant mean to. 

Proof, (see |2^, p. 98) The principal symbol of the Dirac operator is 7(^) (Clifford 
multiplication on spinors), thus D isa first order (elliptic) V^DO. Multiplication with 
/ is a zero order operator, therefore f\D\~'^ is a ^DO of order —n. Its principal 
symbol is cr_„(a;,^) = /(x)||^||~"l2[.>/2i, where l2[i/2] is the identity map of the fibre 
Sx of S. This principal symbol reduces on the cosphere bundle S*AI to /(x)l2[n/2] . 
Thus, Theorem [2.2| gives 

Tr^ {f\D\-") - — i— / tr5(/(x)l2[„/2i)dxJC 

n(27r)" Jsr.-i Jm 
The area /^„_i d^ = pJ^ ,^s of the unit sphere S"~^ leads to the right factor c{n). D 

Since |£>|^" is in L^'°° we can define the following inner product on Tr{n'^A): 

{Ti,T2)k := Tr^ (T*T2|i?r") . (2.18) 

In order to really have an inner product, one needs some assumptions about A which 
are fulfilled in the classical case, but which also hold in more general situations of 
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spectral triples, see [g, ^, ^-fj The orthogonal complement with respect to this 
inner product of the subspace 7r((i(Jo n 51'"'"-'^)) C TT{il''A) is isomorphic to il'^^A 
(both are images of surjections with the same kernel). Thus, the inner product 
( ^.18| ) can be tranported to fl'ljA. 

Proposition 2.2. Under the isomorphism between nj-,A andT{KcT* M) the inner 
product on Vl^jjA is proportional to the usual Riemannian inner product, 

{ui,LU2)k = (-l)''A(n) f LUiA *W2 (2.19) 

JM 

for uj, e n%A ~ r(Acr*M), where 

2[n/2] + l-n^~n/2 

X(n) — — . 

^ ' nT{n/2) 

Proof. We refer to |§, p. 120. D 

2.3.2. Classical gauge field actions in terms of Dixmier-trace. Now, in usual gauge 
theory, the gauge field F may be interpreted as a two-form with values in the 
endomorphisms of a vector bundle E over M (curvature of a connection). (Such 
vector bundles typically arise as bundles associated to a principal bundle with the 
group of inner symmetries as structure group). The (pure) gauge field act ion is 



then constructed by combining the scalar product on the right-hand side of ( 2.19 ) 
with a (fiberwise) product and trace of the endomorphisms, 

yM(V) = const. I tr{F A *F). 

JM 



By ( 2.19|) this can be written equivalently in terms of the differential algebra 



Vl\,A and the scalar product there. 

Moreover, it is almost obvious from the definition of the inner product that 
the classical YM action can be obtained as an infimum over a "universal" YM 
action defined over universal connections (which are elements of T{EndE) <8'c°°(Af) 
f)2(C°°(M)). More precisely [||, |2|], one shows that 

1 (g) TT : £ (g)^ n^A — > S (»A ^dA 

{£ := T[E)) gives rise to a surjection from universal connections to usual connec- 
tions. If 9 is the curvature of a universal connection V„„, one defines 

/(V„„) - Tr^ ({1 ® 7r}(0)2|l ® D\'--) . 

and finds 

yM(V) = const. inf{/(V™)k(V„„) - V}. 

Thus the classical Yang-Mills action can be entirely written in terms of objects 
which have a straightforward generalization to the noncommutative situation. 



^^Thanks to J. Varilly for pointing out this fact to us. 
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